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Abstract. In this paper we call a real-valued function lacunarily statistically 
ward continuous if it preserves lacunary statistical quasi-Cauchy sequences 
where a sequence (ctk) is defined to be lacunarily statistically quasi-Cauchy 
when the sequence (Aaffe) is lacunarily statistically convergent to 0. We prove 
theorems related to lacunary statistical ward compactness, statistical ward 
compactness, lacunary statistical ward continuity, statistical ward continuity, 
ward continuity, and uniform continuity. It turns out that any lacunarily 
statistically ward continuous function on a lacunary statistically ward compact 
subset A of R is uniformly continuous on A. We also prove some inclusion 
theorems between the set of lacunary statistical quasi-Cauchy sequences and 
the set of statistical quasi-Cauchy sequences. 

1. Introduction 

A real function / is continuous if and only if, for each point ao in the domain, 
linin^oo f(a n ) — /(ao) whenever linin-joo a n — ao. This is equivalent to the 
statement that (/(a„)) is a convergent sequence whenever (a n ) is. This is also 
equivalent to the statement that (/(a n )) is a Cauchy sequence whenever (a n ) is 
provided that the domain of the function is either whole R or a bounded and 
closed subset of R where R is the set of real numbers. These well known results 
for continuity for real functions in terms of sequences suggest to us to give a new 
type of continuity, namely, lacunary statistical ward continuity. 

The purpose of this paper is to introduce new kinds of continuities defined via 
lacunary statistical quasi-Cauchy sequences, and investigate relations between some 
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other kinds of continuities, such as ordinary continuity, uniform continuity, statis- 
tical continuity, lacunary statistical continuity. 



2. Preliminaries 

We will use boldface letters x, y, z, ... for sequences p = (p n ), x = (x n ), 
y = (Vn), z = (z n ), ■■■ of points in R for the sake of abbreviation, s and c will 
denote the set of all sequences, and the set of convergent sequences of points in R. 

A subset of R is compact if and only if it is closed and bounded. A subset A of 
R is bounded if \a\ < M for all a € A where M is a positive real constant number. 
This is equivalent to the statement that any sequence of points in A has a Cauchy 
subsequence. The concept of a Cauchy sequence involves far more than that the 
distance between successive terms is tending to zero. Nevertheless, sequences which 
satisfy this weaker property are interesting in their own right. A sequence (a n ) of 
points in R is quasi-Cauchy if (A«„) is a null sequence where Aa n = a n+ i — a n . 
These sequences were named as quasi-Cauchy by Burton and Coleman [1], while 
they were called as forward convergent to zero sequences in [2], (see also [3], and 
W). 

It is known that a sequence (a„) of points in R is slowly oscillating if 
lim lim„ max \ctk — a n \ = 

A^l+ ri+l<fc<[An] 

where [An] denotes the integer part of An. This is equivalent to the following if 
a m — a n — > whenever 1 < ^ — > 1 as, m, n — »■ oo. Using e > s and 5 s this is 
also equivalent to the case when for any given e > 0, there exist 5 = 5(e) > and a 
positive integer N = N(e) such that \a m — a n \ < e if n > N(e) and n < m < (l+5)n 
(see [5]). Any Cauchy sequence is slowly oscillating, and any slowly oscillating 
sequence is quasi-Cauchy. There are quasi-Cauchy sequences which are not Cauchy. 
For example, the sequence [y/n) is quasi-Cauchy, but Cauchy. Any subsequence 
of a Cauchy sequence is Cauchy. The analogous property fails for quasi-Cauchy 
sequences, and fails for slowly oscillating sequences as well. A counterexample for 
the case, quasi-Cauchy, is again the sequence (a n ) = (y/n) with the subsequence 
(a„2) = (n). A counterexample for the case slowly oscillating is the sequence 
(logion) with the subsequence (n). Furthermore we give more examples without 
neglecting (see [6]): the sequences (X^feLi n )> G n G n {In {In {Inn))) and 
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combinations like that are all slowly oscillating, but Cauchy. The bounded sequence 
(cos(6log(n + 1))) is slowly oscillating, but Cauchy. The sequences (cos(ir-^n)) and 
Efc=i (i)Ej=i })) are quasi-Cauchy, but slowly oscillating (see also [7], [8], and 
[9])- 

By a method of sequential convergence, or briefly a method, we mean an linear 
function G defined on a subspace of s, denoted by cq, into R. A sequence x = (x n ) 
is said to be G-convergent to t if x e cq and G(x) = £ (see [10]). In particular, 
lim denotes the limit function lim x = lim„ x n on the subspace c. A method G is 
called regular if c C cg, i-e. every convergent sequence x = (x n ) is G-convergent 
with G(x) = limx. 

Now we discuss some special classes of methods of sequential convergence that 
have been studied in the literature for real or complex number sequences. Firstly, for 
real and complex number sequences, we note that the most important transforma- 
tion class is the class of matrix methods. Consider an infinite matrix A = (a n fc)Jf fc=1 
of real numbers. Then, for any sequence x = (x n ) the sequence Ax is defined as 

oo 

Ax ^ &nk%k)n 

k=l 

provided that each of the series converges. A sequence x is called A-convergent (or 
A-summable) to i if Ax exists and is convergent with 

oo 

lim Ax = lim \ a n kXk = 

n— ^oo ^ — ' 

fe=l 

Then i is called the A-limit of x. We have thus defined a method of sequential 
convergence, i.e. G(x) = lim Ax, called a matrix method or a summability matrix. 
A subset A of R is G-sequcntially compact if any sequence x of points in A has a 
subsequence z such that G(z) € A. 

The Hahn-Banach theorem can be used to define methods which are not gen- 
erated by a regular summability matrix. Banach used this theorem to show that 
the limit functional can be extended from the convergent sequences to the bounded 
sequences while preserving linearity, positivity and translation invariance; these ex- 
tensions have come to be known as Banach limits. If a bounded sequence is assigned 
the same value £ by each Banach limit, the sequence is said to be almost convergent 
to I. It is well known that a sequence x = (x n ) is almost convergent to t if and 
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uniformly in j. This defines a method of sequential convergence, i.e. G(x):=almost limit of x. 

The idea of statistical convergence was formerly given under the name "almost 
convergence" by Zygmund in the first edition of his celebrated monograph published 
in Warsaw in 1935 [11]. The concept was formally introduced by Steinhaus [12] and 
Fast [13] and later was reintroduced by Schoenberg [14], and also independently by 
Buck [15]. Although statistical convergence was introduced over nearly the last 
seventy years, it has become an active area of research for twenty years. This 
concept has been applied in various areas such as number theory [16], measure 
theory [17], trigonometric series [11], summability theory [18], locally convex spaces 
[19], in the study of strong integral summability [20], turnpike theory [21], [22], [23], 
Banach spaces [24], and metrizable topological groups [25], and topological spaces 
[26], [27]. It should be also mentioned that the notion of statistical convergence has 
been considered, in other contexts, by several people like R.A. Bernstein, Z. Frolik, 
etc. 

The concept of statistical convergence is a generalization of the usual notion 
of convergence that, for real- valued sequences, parallels the usual theory of con- 
vergence. A sequence (a k ) of points in R is called statistically convergent to an 
element I of R if for each s 



and this is denoted by st — lim^oo afc = t [28] (see also [29]). 

A sequence p = (p n ) of real numbers is called Abel convergent (or Abel summa- 
ble) to i if the series T, k x L phX k is convergent for < x < 1 and 



In this case we write Abel — \imp n — £. Abel proved that if limbec p„ = £, then 
Abel — \imp n = £, i.e. every convergent sequence is Abel convergent to the same 
limit ([30], see also [31], and [32]). As it is known that the converse is not always 
true in general, as we see that the sequence ((—1)™) is Abel convergent to but 
convergent in the ordinary sense. 



only if 




lim -\{k < n : \a k - 1 \ > e}\ = 0, 



DO 
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Now we recall the definitions of ward compactness, and slowly oscillating com- 
pactness. 

Definition 1. ([2]) A subset A of R is called ward compact if whenever (a n ) is a 
sequence of points in A there is a quasi-Cauchy subsequence z = (z/,) = (a„J of 
(a n ). 

Definition 2. ([7], [9]) A subset A of R is called slowly oscillating compact if 
whenever (a„) is a sequence of points in A there is a slowly oscillating subsequence 
z = (zk) = (a nk ) of (a n ). 

In an unpublished work, Cakalh called a sequence of points in R statistically 
quasi-Cauchy if 

st — lim Aafe = 0. 

k— >oo 

Any quasi-Cauchy sequence is statistically quasi-Cauchy, but the converse is not 
always true. Any statistically convergent sequence is statistically quasi-Cauchy. 
There are statistically quasi-Cauchy sequences which are not statistically conver- 
gent. 

Definition 3. A subset A of R is called statistically ward compact if whenever 
(a n ) is a sequence of points in A there is a statistical quasi-Cauchy subsequence 
z = (zk) = (a nk ) of (a n ). 

Definition 4. A function defined on a subset A of R is called statistically ward 
continuous if it preserves statistically quasi-Cauchy sequences, i.e. (/(a„)) is a 
statistically quasi-Cauchy sequence whenever (a„) is. 

By a lacunary sequence 9 — (k r ), we mean an increasing sequence 9 — (k r ) of 
positive integers such that ko — and h r : k r — k r -\ — > oo. The intervals determined 
by 9 will be denoted by I r = (k r -i, k r ], and the ratio will be abbreviated by 
q r . In this paper, we assume that limzn/,- q r > 1. 

The notion of lacunary statistical convergence was introduced, and studied by 
Fridy and Orhan in [33] and [34] (see also [35]) A sequence of points in R is 
called lacunary statistically convergent to an element I of R if 

lim ^|{fce/ r :K-^|>e}| = 0, 

i — >oo n r 
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for every positive real number e. The assumed condition a few lines above ensures 
the regularity of the lacunary statistical sequential method G — Sg — lim. 

Throughout the paper S, Sg will denote the set of statistical convergent se- 
quences, the set of lacunary statistical convergent sequences of points in R, respec- 
tively. 

Connor and Grosse-Erdmann [36] gave sequential definitions of continuity for real 
functions calling it G-continuity instead of ^-continuity and their results cover the 
earlier works related to A-continuity. In particular, lim denotes the limit function 
lim x = lim„ x n on the subspace c, and st — lim denotes statistical limit function 
st — limx = st — limx n on the subspace, S, and Sg — lim denotes lacunary statistical 
limit function Sg — limx = Sg — limx n on the subspace, Sg. We see that lim, st—lim, 
and Abel — lim are all regular methods without any restriction. Sg — lim is regular 
under the condition limm/ r q r > 1 which we assume throughout the paper. A 
function / is called G-sequentially continuous at u e R provided that whenever a 
sequence x of terms in R, then the sequence /(x) = (f(x n )) is G-convergent to 
/(«)■ 

Recently, Cakalh gave a sequential definition of compactness, which is a gener- 
alization of ordinary sequential compactness, as in the following: a subset A of R 
is G-sequentially compact if for any sequence {au) of points in A there exists a sub- 
sequence z of the sequence such that G(z) € A. His idea enables us to obtain new 
kinds of compactness via most of the non-matrix sequential convergence methods, 
for example Abel method, as well as all matrix sequential convergence methods. 

3. Lacunary statistical quasi-Cauchy sequences 
We call a sequence (afc) of points in R lacunarily statistically quasi-Cauchy if 

Sg - lim Aa k = 0. 

k— >oo 

Any quasi-Cauchy sequence is lacunarily statistically quasi-Cauchy, but the con- 
verse is not always true. We see that a lacunarily statistically convergent sequence is 
lacunary statistically quasi-Cauchy. There are lacunarily statistically quasi-Cauchy 
sequences which are not lacunarily statistically convergent. Throughout the paper 
AS and ASg will denote the set of statistical quasi-Cauchy sequences and the set 
of lacunary statistical quasi-Cauchy sequences of points in R, respectively. 
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Here we give some inclusion properties between the set of statistically quasi- 
Cauchy sequences and the set of lacunarily statistically quasi-Cauchy sequences. 
Theorem 1. Let be any lacunary sequence. In order that AS C ASg it is 
necessary and sufficient that 

lim inf q r > 1. 

Proof. Sufficiency. Let us first suppose that lim inf q r > 1, lim inf q r — a, say. 
We are going to prove that AS* C ASg. Write b = 9 ^-. Then there exists a positive 
integer N such that q r > 1 + b for r > N. Since h r — k r — fc r _i, we have 

h r _ 1 fcr-l _ 1 L > i L_ b 

k r k r 1 q r — 1 1+6 1+6 

for r > N. Let (afe) G AS 1 . To prove that (ah) G AS^ take any positive real 
number e. Then for r > n we have 

< fcr : |Aa fc | > e}| > ±\{k G / r : |Aa fc | > e}| = ^\{k G I r : \Aa k \ > e}\ 
>^\{keIr:\Aa k \>s}\ 

It follows from this inequality that (ah) G ASg. Necessity. Now let us suppose that 
lim inf q r = 1. Then we can choose a subsequence (k rj ) of the lacunary sequence 
6 such that 



k rj -i j 

and 

k ri — i 



i 



> J 



where > rj_i +2. Fix a positive real number c. Now define a sequence (ah) 
by a. k = c + c+( -~ 1 ^ c if fc G I ri for some j = 1, 2, n, and a k = otherwise. 
Then the sequence (afe) defined in this way is statistically quasi-Cauchy: for each 
m we can choose a positive integer j m such that k rjm < m < k rjm+ \. Then for 
each positive integer m 

±\{k < m : |Aa fe | > c}\ < ^\{k < k rjm : \Aa k \ > c}\ 

Jm 

< T^[\{k < k rjm : |Aa fc | > §}| + \{k rjm < k < m : |Aa fc | > § } < 

^|{fc < fc rj : |Aa fe | > §}| + fc -^ +1 ~ fcr ^ <^ + i + ^_l<^ + ^. 

Thus (Aa k ) G AS. Let us see that (a k ) <£ ASg. We have 

lim^oo ^-|{fc r i < m < fc r : |Aa fe | > §}| = linx,^ ^ (fc^ - k r i) = 

lim^oo -£-h rj = 1, and lim^oo ^{Av-i < m < k r : \Aa k \ > §}| 7^ 0. 

This completes the proof of the theoem. □ 
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Theorem 2. Let 6 be any lacunary sequence. In order that ASg C AS* it is 
necessary and sufficient that 

lira sup q r < oo. 

Proof. Sufficiency. Suppose that lim sup q r < oo. Then we can find an H > such 
that q r < H for any positive integer r. Let (ak) € ASe- Take any positive real 
numbers c and e. As (a^) is a lacunary statistical quasi-Cauchy sequence, there 
exists a positive real number ri such that 

— .|{fc e 7 r : |Aa fc | > c}\ < e 

for any positive integer r > r\ . Now write 

M = max{ \{k e : |Aa fe | > c}| : 1 < r < n} 

and let n be any positive integer satisfying fc r -i < n < k r . Then for any positive 
integer n satisfying k r -i < n < k r we have 

-|{fc < n : |Aa fe | > c}| < nM-i- + 

Since fc r — > oo as r — > oo, there exists a positive integer r 2 such that 

1 e 

fc ri _i 2nM 

for r > n. Write ro = max{ri,r2}. Hence for any positive integer n satisfying 
k r -\ < n < k r we obtain that 

-\{k < n : |Aa fc | > c}\ < £ - + E - = e 
n 11 

for r > r . It follows that (a k ) G AS. Thus A5 e C AS". 

Necessity. To prove that if ASg C AS, then Zim sup q r < oo, suppose that 

swp q r ~ oo. Let c be a fixed positive real number. Select a subsequence (k rj ) 

of the lacunary sequence = (k r ) such that q rj > j, k rj > j + 3, and define a 

sequence (ak) by = c+ c+( -~ 1 ^ c if £; rj _i < k < 2fc rj -i for some j = 1, 2, and 

ak = otherwise. Then for j > 1 

< fcrj : |Aa*| >c}|<%^ = F^/TT < 7^1" 
This implies that (a fe ) e A5 e . But (a fe ) £ AS 1 . For 

-J_|{fc<2fc ri _ 1 :|Aa fc |>c}|>^ = i 

r j — 1 Afhrj — 1 ^ 
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which implies that is not statistically quasi-Cauchy. This completes the proof. 

□ 

Combining Theorem 1 and Theorem 2 we have the following: 
Corollary 3. Let 9 be any lacunary sequence. ASg = AS if and only if 

1 < lira inf q r < lim sup q r < oo. 

Corollary 4- Let 8 be any lacunary sequence. ASg = AS if and only if S = S$. 
The proof follows from Theorem 1 and Theorem 2 above, and Theorem 2 on page 
116 in [25]. 

Now we give the definition of lacunary statistical ward compactness. 

Definition 5. A subset A of R is called lacunarily statistically ward compact if 
whenever (a n ) is a sequence of points in A there is a lacunary statistical quasi- 
Cauchy subsequence z = (z k ) = (a n J of (a n ). 

We need the following lemmas for the proof of our theorems. 
Lemma 5. Any lacunary statistical convergent sequence of points in R with a 
statistical limit £ has a convergent subsequence with the same limit £ in the ordinary 
sense. 

See Corollary 7 on page 118 of [25]. 
Theorem 6. A subset A of R is bounded if and only if it is lacunarily statistically 
ward compact. 

Proof. Although there is a proof in an unpublished work of Cakalh, we give a proof 
for completeness. Let A be any bounded subset of R and (a n ) be any sequence of 
points in A. (a n ) is also a sequence of points in A where A denotes the closure of 
A. As A is sequentially compact there is a convergent subsequence (a„ fc ) of (a„) 
(no matter the limit is in A or not). This subsequence is lacunary statistically 
convergent since lacunary statistical method is regular. Hence (a„J is lacunary 
statistically quasi-Cauchy. Thus (a) implies (b). To prove that (b) implies (a), 
suppose that A is unbounded. If it is unbounded above, then one can construct a 
sequence (a n ) of numbers in A such that a n+ \ > 1 + a n for each positive integer 
n. Then the sequence (a n ) does not have any lacunarily statistically quasi-Cauchy 
subsequence, so A is not lacunarily statistically ward compact. If A is bounded 



HUSEYlN QAKALLI MALTEPE UNIVERSITY, TR 34857, MALTEPE, ISTANBUL, TURKEY PHONE: (+90216)6261050 EXT: 1206, FAX: 

above and unbounded below, then similarly we obtain that A is not lacunarily 
statistically ward compact. This completes the proof. □ 

Corollary 7. A subset of R is lacunary statistically ward compact if and only if 
it is lacunary statistically compact. 

Corollary 8. A subset of R is lacunary statistically ward compact if and only if 
it is statistically ward compact. 

A sequence a = (a n ) is 5-quasi-Cauchy if lim; c _ 5 . 00 A 2 a n — where A 2 a„ = 
a n+2 — 2o„ + i + a n ([37]). A subset A of R is called <5-ward compact if whenever 
a = (a n ) is a sequence of points in A there is a subsequence z = (z k ) = (ot nk ) of a 
with lim^co A 2 Zfe = 0. It follows from the above lemma that any lacunarily sta- 
tistically ward compact subset of R is <5-ward compact, and closure of a lacunarily 
statistically ward compact subset of R is Abel sequentially compact. 

We note that lacunarily statistically quasi- Cauchy sequences were studied in [38] 
in a different point of view. 

We see that for any regular subsequential method G defined on R, if a subset 
A of R is G-sequentially compact, then it is lacunarily statistically ward compact. 
But the converse is not always true. 

4. Lacunary statistical ward continuity 
Now we give the definition of ward compactness in the following. 

Definition 6. A function defined on a subset A of R is called lacunarily statistically 
ward continuous if it preserves lacunarily statistically quasi-Cauchy sequences, i.e. 
(/(ci!fe)) is a lacunarily statistically quasi-Cauchy sequence whenever (ptk) is. 

We note that lacunary statistical ward continuity cannot be obtained by any 
sequential method G (see [39] for more information on G-continuity). 

Composition of two lacunarily statistically ward continuous functions is lacunar- 
ily statistically ward continuous. Sum of two lacunarily statistically ward continu- 
ous functions is lacunarily statistically ward continuous, but product of lacunarily 
statistically ward continuous functions need not be lacunarily statistically ward 
continuous. 
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In connection with lacunary statistical quasi-Cauchy sequences and convergent 
sequences the problem arises to investigate the following types of continuity of 
functions on R. 

(Ss e ): K) e AS e => (/(«„)) e ASg 

(Ss c): (a„) e ASg => (/(«„)) G c 

(c): (a„) e c (/(«„)) € c 

(c<5s ): (a„) (/(a,,)) € AS e 

(s e ): (a„) e S e (/(a„)) € Sg 
We see that (<5s#) is lacunary statistical ward continuity of /, (sg) is lacunary 
statistical continuity of /, and (c) is the ordinary continuity of /. It is easy to see 
that (dsgc) implies (Ssg), and (5sg) does not imply (Ssgc); and (5sg) implies (c5sg), 
and (cSsg) does not imply (Ssg); (Ss g c) implies (c) and (c) does not imply (Ssgc); 
and (c) is equivalent to (cSsg). 

Now we give the implication (Ssg) implies (sg), i.e. any lacunarily statistically 
ward continuous function is lacunarily statistically continuous. 
Theorem 9. If / is lacunarily statistically ward continuous on a subset A of R, 
then it is lacunary statistically continuous on A. 

Proof. Assume that / is a lacunarily statistically ward continuous function on a 
subset A of R. Let (a n ) be any lacunarily statistically convergent sequence with 
Sg — linifc^oo aft = a . Then the sequence 

(ai,ao,a2,ao, ...,a n _i,ao,a n ,ao, •••) 

is lacunarily statistically convergent to ao ■ Hence it is lacunary statistically quasi- 
Cauchy. As / is lacunarily statistically ward continuous, the sequence 

(/(ai), /(ao), /(a 2 ), /(a ), /(a„_i), /(a ), /(a„), /(a ), ...) 

is lacunarily statistically quasi-Cauchy. It follows from this that the sequence 
(/(«„)) lacunarily statistically converges to /(ao). This completes the proof of 
the theorem. 

The converse is not always true for the function f(x) = x 2 is an example since the 
sequence (\/n) is lacunary statistical quasi-Cauchy while (f{y/n)) — (n) is not. □ 

We state the following straightforward result related to ordinary continuity. 
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Corollary 10. If / is lacunarily statistically ward continuous, then it is continuous 
in the ordinary sense. 

Corollary 11. If / is lacunarily statistically ward continuous, then it is statistically 
continuous. 

Related to G-continuity we have much more in the following. 
Corollary 12. If / is lacunarily statistically ward continuous, then it is G- 
continuous for any regular subsequential method G. 

It is well known that any continuous function on a compact subset A of R is uni- 
formly continuous on A. It is also true for a regular subsequential method G that 
any lacunarily statistically ward continuous function on a G-sequentially compact 
subset A of R is also uniformly continuous on A (see [6]). Furthermore, for lacu- 
narily statistically ward continuous functions defined on a lacunarily statistically 
ward compact subset of R, we have the following. 

Theorem 1 3. Let A be a lacunarily statistically ward compact subset A of R and 
let / : A — > R be a lacunarily statistically ward continuous function on A. Then 
/ is uniformly continuous on A. 

Proof. Suppose that / is not uniformly continuous on A so that there exists an 
£o > such that for any S > x, y € E with \x — y\ < 5 but \f(x) — f(y)\ > £o- 
For each positive integer n, fix \a n — (3 n \ < ^, and \f(a n ) — f(0 n )\ > e o- Since 
A is lacunarily statistically ward compact, there exists a lacunary statistical quasi- 
Cauchy subsequence (a„J of the sequence (a n ). It is clear that the corresponding 
subsequence (0n k ) of the sequence (/?„) is also lacunarily statistically quasi-Cauchy, 
since (f3 nk+1 — Pn k ) is a sum of three lacunary statistical null sequences, i.e. 

On the other hand it follows from the equality a„ i+1 — (i nk — «„ H1 -a ni +ot Uk —(3 nk 
that the sequence (a„ H1 — (3 nk ) is lacunarily statistically convergent to 0. Hence 
the sequence 

iflni j Pni i 0! n2 , (3 n2 , Qt n3 , j3 n3 , CX.n k , Pn k i •••) 

is lacunarily statistically quasi-Cauchy. But the transformed sequence 

(f(an 1 ),f(Pn 1 ),f(a„ 2 ),f(P„ 2 ),f(a n3 ),f(l3 n3 ),...,f(a nk ),f(P nk ),...) 
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is not lacunarily statistically quasi- Cauchy. Thus / does not preserve lacunary 
statistical quasi-Cauchy sequences. This contradiction completes the proof of the 
theorem. □ 

Corollary 14- If a function / is lacunarily statistically ward continuous on a 
bounded subset A of R, then it is uniformly continuous on A. 

Proof. The proof follows from the preceding theorem and Lemma 2. 

□ 

Theorem 15. Lacunarily statistically ward continuous image of any lacunarily 
statistically ward compact subset of R is lacunarily statistically ward compact. 

Proof. Assume that / is a lacunarily statistically ward continuous function on a 
subset A of R, and E is a lacunarily statistically ward compact subset of A. Let (/?„) 
be any sequence of points in f(E). Write /?„ = /(o„) where a n € E for each positive 
integer n. lacunarily statistically ward compactness of E implies that there is a 
subsequence (7*) = (a„ k ) of (a n ) with Seliuik^.^ A-f k = 0. Write (t k ) = (/(7k))- 
As / is lacunarily statistically ward continuous, (f("fk)) is lacunarily statistically 
quasi-Cauchy. Thus we have obtained a subsequence (tk) of the sequence (f(a n )) 
with Sg — limfc-j.oo Atk = 0. Thus f(E) is lacunarily statistically ward compact. 
This completes the proof of the theorem. □ 

Corollary 16. Lacunarily statistically ward continuous image of any compact 
subset of R is lacunarily statistically ward compact. 

The proof follows from the preceding theorem. 
Corollary 17. Lacunarily statistically ward continuous image of any bounded 
subset of R is bounded. 

The proof follows from Lemma 2 and Theorem 8. 
Corollary 18. Lacunarily statistically ward continuous image of a G-sequentially 
compact subset of R is lacunarily statistically ward compact for any regular sub- 
sequential method G. 

It is a well known result that uniform limit of a sequence of continuous functions 
is continuous. This is also true in case of lacunary statistical ward continuity, i.e. 
uniform limit of a sequence of lacunarily statistically ward continuous functions is 
lacunarily statistically ward continuous. 
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Theorem 19. If (/„) is a sequence of lacunarily statistically ward continuous 
functions on a subset A of R and (/„) is uniformly convergent to a function /, then 
/ is lacunarily statistically ward continuous on A. 

Proof. Let £ be a positive real number and (a k ) be any lacunarily statistically 
quasi-Cauchy sequence of points in A. By uniform convergence of (/„) there exists 
a positive integer N such that \f n (x) — f(x)\ < § for all x G E whenever n > N . 
As /jv is lacunarily statistically ward continuous on A, we have 

lim G I r ■ /jv(Q!fe+i) - fN(a k )\ > §}| = 0. 

On the other hand we have 

{k G I r : |/K+i) - f(a k )\ >e}d{ke I r : \f(a k+1 ) - f N {a k+1 )\ > f } 
U{fc G I r ■ |/jvK+i) - /jvK)| > f } U {k G / r : |/jvK) - /K)| > f } 
Now it follows from this inclusion that 
linv^co £-\{k G / r : |/(afe+i) - /(afe)| > e}\ 

< lim G I r : l/K+i) - Ma*+i)| > |}| + lim G / r : |/jv(a fe+ i) - f N (a k )\ > |}| 

+ linw oo7 i : |{fcG/ r : |/ivK)-/K)| > |}| = + + = 0. 

This completes the proof of the theorem. □ 

Theorem 20. The set of all lacunarily statistically ward continuous functions on 
a subset A of R is a closed subset of the set of all continuous functions on A, 
i.e. ALSWC(A) = ALSWC(A) where ALSWC(A) is the set of all lacunarily 
statistically ward continuous functions on A, ALSWC(A) denotes the set of all 
cluster points of ALSWC(A). 

Proof. Let / be any element in the closure of ALSWC(A). Then there exists a 
sequence of points in ALSWC(A) such that lim^oo f k = f. To show that / is 
lacunarily statistically ward continuous take any lacunary statistical quasi-Cauchy 
sequence (a k ) of points in A. Let e > 0. Since (f k ) converges to /, there exists an 
N such that for all x G A and for all n > N, \f(x) — f n (x)\ < |. As /jv is lacunarily 
statistically ward continuous, we have 
lim„^oo -^\{k G I r : /jv(afe+i) - fN(a k )\ > §}| = 0. 
On the other hand, 
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{k e I r ■ l/K+i) - f(a k )\ > e} C {k e Ir ■ |/K+i) - /wK+i)| > f } 

U{fc G I r : |/ivK + l) - f N (a k )\ > §} U {fc E Ir ■ |/ivK) - /K)| > §} 

Now it follows from this inclusion that 

lirn^oo ±\{k e I r : |/(afe+i) - /(«fe)| > e}| 

1 el e 

< lim — \{k e Ir : l/K+i) - /jv(afc+i)| > t}| + lim — |{fc e I T ■ |/jv(a fe+ i) - /jv(a fe )| > -}| 

7 — s-oo tl r d r— s-oo ft r 

+ lim r ^ 00 ^|{fce/ r : |/ivK)-/K)| > |}| = + + = 0. 

This completes the proof of the theorem. □ 

Corollary 21. The set of all lacunarily statistically ward continuous functions on 
a subset A of R is a complete subspace of the space of all continuous functions on 
A. 

Proof. The proof follows from the preceding theorem. □ 

5. Conclusion 

In this paper, new types of continuities are introduced via lacunary statisti- 
cal quasi-Cauchy sequences, and investigated. In the investigation we have ob- 
tained results related to lacunary statistical ward continuity, lacunary statistical 
continuity, statistical ward continuity, statistical continuity, G-sequential continu- 
ity, ordinary continuity, uniform continuity, lacunary statistical ward compactness, 
lacunary statistical compactness, statistical ward compactness, statistical compact- 
ness, G-sequential compactness, and ordinary compactness. We also proved some 
inclusion theorems between the set of lacunary statistical quasi-Cauchy sequences 
and the set of statistical quasi-Cauchy sequences. 

For further study, we suggest to investigate lacunary statistical quasi-Cauchy 
sequences of fuzzy points, and lacunary statistical ward continuity for the fuzzy 
functions (see [40] for the definitions and related concepts in fuzzy setting) . However 
due to the change in settings, the definitions and methods of proofs will not always 
be analogous to those of the present work. 

References 

[1] D. Burton, and J. Coleman, Quasi-Cauchy Sequences, Amer. Math. Monthly, 117, 4, (2010), 
328-333. 



HUSEYIN QAKALLI MALTEPE UNIVERSITY, TR 34857, MALTEPE, ISTANBUL, TURKEY PHONE: (+90216)6261050 EXT: 1206, FAX: 
[2] H. (Jakalh, Forward continuity, J. Comput. Anal. Appl., (2011). 

[3] H. Kizmaz, On Certain Sequence Spaces, Canad. Math. Bull., 24, 2, (1981), 169-176, MR 
82g:46022 

[4] E.E. Kara, and M. Basarir, On compact operators and some Euler B(m)-diffcrcncc sequence 

spaces, J. Math. Anal. Appl., to appear. 
[5] F. Dik, M. Dik, and I. Canak, Applications of subsequcntial Taubcrian theory to classical 

Taubcrian theory. Appl. Math. Lett. 20, 8, (2007), 946-950, MR 2008b:40007. 
[6] R.W. Vallin, Creating slowly oscillating sequences and slowly oscillating continuous functions, 

Acta Math. Univ. Comenian. (N.S.), (2011). 
[7] H. Qakalh, Slowly oscillating continuity, Abstr. Appl. Anal. Hindawi Publ. Corp., New York, 

ISSN 1085-3375, Volume 2008, Article ID 485706, (2008), MR 2009b:26004 
[8] M. Dik, and I. Canak, New Types of Continuities, Abstr. Appl. Anal. Hindawi 

Publ. Corp., New York, ISSN 1085-3375, Volume 2010, Article ID 258980, (2010), 

doi:10. 1155/2010/258980 
[9] H. Oakalhi New kinds of continuities, Comput. Math. Appl., (2011). 
[10] , Sequential definitions of compactness, Appl. Math. Lett., 21 , 6, (2008), 594-598, 

MR 2OO9b:40005. 

[11] A. Zygmund, Trigonometric Series, Cambridge Univ. Press, Cambridge, UK, (1979). 
[12] H. Steinhaus, Sur la convergence ordinaire et la convergence asymptotiquc, Colloq.Math., 2, 
(1951), 73-74. 

[13] H. Fast, Sur la convergence statistiquc, Colloq. Math. 2 (1951) 241-244. 

[14] I.J. Schoenberg, The intcgrability of certain functions and related summability methods, 

Amer. Math. Monthly, 66, 5, (1959), 361-375. 
[15] R.C. Buck, Generalized asymptotic density, Amer. J. Math. 75, (1953), 335-346. 
[16] P. Erdos and G. Tenenbaum, Sur les densitcs dc ccrtaines suites dentiers, Proc. Lond. Math. 

Soc, 59, 3, (1989), 417-438. 
[17] H.I. Miller, A measure theoretical subsequence characterization of statistical convergence, 

Trans. Amer. Math. Soc, 347, 5, (1995), 1811-1819. 
[18] A.R. Freedman and J.J. Sember, Densities and summability, Pacific J. Math., 95, 2, (1981), 

293-305. 

[19] I.J. Maddox, Statistical convergence in a locally convex space, Math. Proc. Cambridge Philos. 

Soc, 104, 1, (1988), 141-145. 
[20] J. Connor and M.A. Swardson, Strong integral summability and the Stone-C ech compacti- 

fication of the half-line, Pacific J. Math., 157, 2, (1993), 201-224. 
[21] V.L. Makarov, M.J. Levin, and A.M. Rubinov, Mathematical Economic Theory: Pure and 

Mixed Types of EconomicMcchanisms, Advanced Textbooks in Economics, North-Holland, 

Amsterdam, The Netherlands, 33, (1995). 
[22] L.W. Mckenzie, Turnpike theory, Economctrica, 44, 5, (1976), 841-865. 



LACUNARY STATISTICAL QUASI-CAUCHY SEQUENCES 



17 



[23] S. Pehlivan and M.A. Mamedov, Statistical cluster points and turnpike, Optimization, 48, 1, 
(2000), 93-106. 

[24] J. Connor, M. Ganichev, and V. Kadcts, A characterization of Banach spaces with separable 
duals via weak statistical convergence, J. Math. Anal. Appl., 244, 1, (2000), 251-261. 

[25] H. Cakalli, Lacunary statistical convergence in topological groups, Indian J. Pure Appl. Math. 
26 2, (1995), 113-119, MR 95m:40016. 

[26] G.D. Maio, and L.D.R. Kocinac, Statistical convergence in topology, Topology Appl. 156, 

(2008) , 28-45. 

[27] H. Cakalli, and M.K. Khan, Summability in Topological Spaces, Appl. Math. Lett., 24, 
(2011), 348-352. 

[28] J. A. Fridy, On statistical convergence, Analysis, 5, (1985), 301-313, MR 87b:40001. 

[29] H. Cakalli, A study on statistical convergence, Funct. Anal. Approx. Comput., 1, no. 2, 

(2009) , 19-24, MR2662887. 

[30] N.H. Abel, Rcchcrches sur la sric l+fx+ rn( ™~ 1) x 2 +..., J. fr Math. 1, (1826), 311-339. 
[31] C.V. Stanojevic, and V.B. Stanojevic, Tauberian retrieval theory. Ddi Jovan Karamata. 

Publ. Inst. Math. (Bcograd) (N.S.), 71, (2002), 105-111. MR 2OO4b:40010. 
[32] J. A. Fridy, and M.K. Khan, Statistical extensions of some classical Tauberian theorems. Proc. 

Amer. Math. Soc. 128, no. 8, (2000), 2347-2355. MR 2000k:40003. 
[33] J. A. Fridy, and C. Orhan, Lacunary statistical convergence, Pacific J. Math., 160, No. 1, 

(1993), 43-51, MR 94j:40014. 
[34] J. A. Fridy, and C. Orhan, Lacunary statistical summability, J. Math. Anal. Appl., 173, 

(1993), 497-504, MR 95f:40004. 
[35] A.R. Freedman, J.J. Sember, and M.Raphael, Some Cesaro-type summability spaces, Proc. 

London Math. Soc, 3, 37, (1978), 508-520 
[36] J. Connor, K.-G. Grossc-Erdmann, Sequential definitions of continuity for real functions, 

Rocky Mountain J. Math. , 33, 1, (2003), 93-121, MR 2004e:26004. 
[37] H. Cakalh, <5-quasi-Cauchy sequences, Math. Comput. Modelling , 53, (2011), 397-401. 
[38] M. Basarir, and S. Altundag, On A-lacunary statistical asymptotically equivalent sequences, 

Filomat 22 1 (2008), 161-172 MR 2009k:40012. 
[39] H. Cakalh, On G-continuity, Comput. Math. Appl., 61, (2011), 313-318. 

[40] H. Cakalli and Pratulananda Das, Fuzzy compactness via summability, Appl. Math. Lett., 
22, 11, (2009), 1665-1669, MR 2010k:54006. 

HuseyIn Cakalli, Maltepe University, Department of Mathematics, 
Faculty of science and letters, Marmara EgItIm Koyu, TR 34857, Maltepe, Istanbul- 
Turkey Phone:(+90216)6261050 ext:1206, FAX:(+90216)6261113 

E-mail address: hcakalli@maltepe.edu.tr; hcakalliOgmail.com 



